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Phenomena(Kaiser-Wilhelm-Inetitutf& Str&ungsforschungin
AuftragetierAerodynamiecheVersuchsanstaltG&tingen,Institut
f+ lnstation3reVorgMnge). s

L-“

1.INTRODUCTION

Thepresenttreatisedealswiththeplaneproblemofthevibrating
airfoilIn superecmicflowwithinthescopeofa linearizedtheory,
Themethodisbasedontheapplicationofresultspertainingtothe
fieldofmovingsouidsources~and,”inaddition,ontheintroduction
oftheaccelerationpotentialforthemov~ntoftheairparticles.
Inviewofthelatterthemethodcanberegardedasa directoxtemion
of’Yrandtl’e‘hneralConsiderationsontheFlowofCompressible
Fluids’Ztatheunsteadyproblemofthevibratingwing;tiefol.lowi~
makeeuseofall~undamentalideasofthistheory. This extension
leadstoanintegro-differentialequationforthestrengthofthe
doubletdistributionwhichrepresentsthevibrattngairfoil;this
equationwhichiecharacteristicofthemathematicaldevelopmentof
thetheory,issolvedbymeansofaLap3.acetransformation.Theyse
ofimproperfunctions(firstandsecondderivativeso~discontinuous
functions)whichhasbecomefamiliarinthemodernquantumtheory,may
appeartobeeninnovation,butthefundamentalideawhichisexpressed
Inthisformalapproachisnothingbuttheinterpretationknownfrom
thetheoryofcharacteristicsofhyperbolicdifferentialequations,
namelythatdisturbancesandthereforealsodiscontinuitieeIn the
hyperboliccasearepropagatedalongrealcharacteristics,inthe
presentcasenotablyontheboundaryplanesoftheMachwedge.
Altogethertheauthorbelievestohavefoundherea procedurewhich
leadsverysimplyanddirectlytoa solutioninthecaseofthe
vibratl~airfoilmovedintranslationatsupersonicspeed;itcan
probablybeprofitablyappliedtosimilarproblemsas:well. —

Dr.L.Schwarzhassolvedthepresentproblemin%notherway;I
amparticularlyindebtedtohimforseveralcriticalobservations
whichbenefitedmywork.Apartfromdifferencesinthenotation
thereiscompleteagreementbetweenSchwarz’andmyresultsso that
theircorrectnessoughttobefairlycertain.I shouldliketomention
thatthetheoryhasbeencarriedthroughonlytowhereitmergesinto
thegeneralfinalformulasofSchwarz,Allfurtherstatementswould
beidenticalwithSchwarz’statementsandcouldnotofferanythingnew,
.,.

‘H.H6nl,Ann.d.Phye.(nowbeingprinted)[1].
2L.Prandtl,hZfO 13 (1936)p. 313 12J T’kl@O
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11,STATEMENTOFTHEEROBLEM
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AsfirstnotedbyManchesterandcarriedfurtherbyL.Prandtl,3
theintroductionofanacceleratimpotential$ frcmwhichthe
accelerationvectorb

CLYisueedforGermanscriptw~

(1]

of
%!
e airparticle8(~velooityvector)isaerivedacoording

to =grad$,provestobeespeckllyusefulforthetreatment
ofthewingina compressiblemedium.$ thenresultsaccordingto
Euler’shydrodynamicequationsforfrlctionlessliquids,apartfrcm
anarbitraryconstant,asidenticalwiththenegativepressure
function,thus

(2)

ThefundamentalMea inayplyingtheaccelerationpotentialtothe
w~ theoryintheshapegiventoitbyPrandtlisthefol.low~:
Iftheperturbationvelocitiesarelinesa?ized,$, ontheonehsnd,
satisfiesthewellknownequationofwavepropagation

(3)

(csonicvelocity)jontheotherhsnd,however,W experiences
accordingto(1)a discontinuouschangek pmetiatingthelift-
surfaceon whichthereappearsa pressure jmpbetieonthelowerand
uppersurfaces.Theseconditionssuggesttheuse,indetermining$,
ofanalogiesfromelectrostatics(forthesteady-flowproblem)or
electrodynamics (fortheunsteady-flowproblem).

Wowilllimitourselvestothetwo-dimenstona1problemofthe
infinitelylongwingandsupposethattheliftingsurfaceisa strip
ofwidth2,lomtedinthex,z~lane,paralleltothez-axis.

Furthermore,itwi.llbeusefultoemploya sy~temofcoorMnates
which-isattachedtotheairfoilsothatthewinginreferenceto

8
‘L.Prandtl,elsewhere.
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this coordinate systemexecutessmallvibrationsbuthasnotrans-
lation;ifoneassumesthatthewingintheoriginalcoordinate
system{mediumatrest)movesalongthgnegativex-axiswith +“
thevelocityU,thewinginthenewMordinatesyeti=m(without
translation)isina flowofthesamsvelooltyinthepositivex-axis,
andequation(3) mustbe replacedby

Inthisequation,~/& istobeleftoutinthecaaeofsteady
flow● Fortheproblemsofunsteadyflowwewilllimitourselves

waveequation(3”) changesIntro

tothe caseofthehamonlcallYvtbrating (infinitelythin)wing
andaccordinglymakethe8ubetitutim

The

With

-.
...- ..

(5) —

(54

(k quantityproPa@ed}~Machnumber)

Wenowassumethat@(x,y) isa solutionofthewaveequation(5) -
wecallitanelementarysolution-whichCorrespondstoa sonicpfiint
sourcelocatedat x =y =o.4

4
H.E&il.,elsewhere. ...

..———A

.
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Thenobviouslythe“souscepotential”

QQ=U l’z@(x-
J0

.
withanarbitr~yeourcedistribution
chordO ~ x < Z anywhereoutsideof
satisfytheequation(5)andthesame

U f(x)alongthewi~
theliftingsur~acewill”
38validfO~

5

(6)

(ThefaotorU isaddedtoavoidtiecessaryfactorsinthe
followingfornllae).Thelatterexpressionobviouslyrepresents
apartfromthetimefactore-iot theretardedpotentialofa
doubletdistribution;f(~ isnowameasureforthestrengthofthe
doubletdistributionandis,therefore,proportionaltotheJump
in q whilepenetratingthesurface.If’wesubstitute(6) into(4), ~
willmeetallrequirementswhicharetobedemndedofthe
accelerationpotentialandcanthereforebeidentifiedwithit.
However,itmustbostressedthatW and ~ willbeuniquely
determinedforthewholespaceonlywhenthesourcea~vortex
distributionis iveneverywhereandinadditionaboundarycondition

%orrayconditionatinfinityisprescribedforq. Infact,a
vortexwakeingeneraladjoinsthetrailingedgeofthewingwhich
alsowillcontributetotheaccelerationpotential.!l?he.conditions
forthecaseofsupersonicflowarerenderedespeciallysimpleby
thefactthateachsourceor vortexelementtakeseffect~ownstream
onlyendthatthereforetheairforcesonthewingareeolely
determinedlythedoubletdistributionreplacingthepressurejump.
Concerningtheboundaryconditionatinfinityweshallhavetorequire
thatq endthereforetheperturbationvelocitycomponentsu and v
disappearoutsideoftheMachwe@ewhichstartsattheleadingedge
ofthewing(therefore,especiallyforx<O) butintheinfinite
innerregion oftheMachwedgesatisfya raycondition;these
requirementsareautouaticall.ymetbyourequation(6) accordingto
thedefinitionoftheelementarysolutisn.

Therefore, our taskwillbetofindconditionswhichuniquely
determinethesourceMstrlbutionf{g)in(6). (he suchcondition

--—-%om
—— .

eA.Soumwrfeld,Jahreeber.d.IMV21,pp 309-353 —
(1913) Nr

\
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results fromthefactthatthedownwashdistribution
w(x,t)=vo(x)e-itionthew= isgiven.T2w3ref~_e,wefurther —d --
needatfirstrelationsbetweentheaoceleratlonpot8ntialV and
theperturbathnvelooitiesU,v (u horizontal,v perpendicular)
whichpetittheexpressimofthelatterby $ withinthescope
of&e linearizedtheory%Thusweobtaincorre~.pondtngtoow
asswnttonabouttheestablishmentofthe coordinate system according

Tto(1 apartfrcmterms0?thesecondortlerintheperturbation
velocities

.

(7)

.

(7’)
.__.—

where~(t) etandsforanarbitrarytictionOf time. Sincewe
willawwua,hmevortthatnochangeshalltakeplaceat infinity,
wecanimmediatelyspecialize~(t)=C. Ifweasswne$(X)Y;t)
aagiventherer0U~7snovforthevelocitypotenth17 —

-f=it’x!’’y;’-=?t+:x+x+’
(8) . -

withD asa further(insignificant)integrationComtantOrnthis
equationtheintegralappeari~inthefirsttem

$=; H x-x’ ) (8’)‘$x’,y; t - -.-y-’-- m’
{ -~

.—

6CcmpareH,G,K?&mer,Lufo17, p.370,Alxwhn,h:5
7Anarbitraryfunctionf(t‘~x/U)tobeaddedin (8) accordi~

to(7’) 2sreducedtoa constantsinceotherwisethewavQequation
for

1!
(~lo@USto(3)and(5}}2?CXJWC~iVeh)wouldnQtbe

satisled.

—
.—

.

.-

=

w.

* ---

—-

. .
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correspcmdeto the potentialoftheperturbationvelocities,the
psrtcontainingx Mnearilycorrespondstaa auperpoeeii

P
i8tUrbed

flowinthex-direction;thereforeonehastoequateC = .
fiO13i(8’) follows

(9)

aswellasa furtherintegralfor u notneededatpresent.

Ifwemakeuseof(4)forharmonicvibrationsweobtainfar
thex-axis:

-1.iDt e -icBt

[

x
q ‘(x’,y) e$(x=’)dx’(10)v= To(x)e =Limes-—.-

y-+o ~ Y
~-co

or

andfinallybydifferentiationwithrespectto x:

(11)

Wenowhavetosubstitute(6) ontherighteideof(11).Takingthe
factintoconsideratiathatonlythosesourcescontributetothe
d-washatthepointx ofthewi~ insu~rsonicflowwhichlie
u~streemwithreepectto ~ forwhichtherefore~ ~xjwecan
replacethefxxedupperlimitoftheintegral(6) bythevariablex:
as the lower limit wewill.select-c9,establishi~f(~)=() -
for ~< O,sothatf(~ for ~ =O ui~ ingeneral,bediscontinuous.
InthelimitY-O therightsideof(11}must
llmitvalueforbothsigns
and(11),taking(5a)also

of q=jYj.“T’iw3we
intoconsideration,

approachthesame
obtainfrom(6)

k
-%vo (~) ,
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~e ri@t side,of (12)ISa given fu.mtionof x;however,
itW%* takenintoConelderatZonthatnow Vo(x]alsoatthe

.
4-

3?Q2ntx =0 ie to be regardedasdifwontinuoua(v*(x)=0
fOr X<()), SO that ‘vO(x).,at x =O hastoberepresentedbyar.

dx
-..

improperfunotion(b-fuaotion).Correspondingly,in the deriva-
tiveGm alsosingularitiesofhighe~ordera~ar in the Integrand.
By theintegralequation@?)witha given-kernel%Jx andgiven
rightsidethedistributionfunctionf(x)isuniquelydetermined. —=

ThecalculationofthepressureJumponthewingwhlohisthe
realgoalofthispaper,resultsaftersolutionoftheequation(12)
immediatelyfrom(2).First,thechangeofthepre~eure function
correspondingtotheinfinitesimalpressure change Ap willbe

with@o s~ndingfortheaveragedensityofthe
therefore,acoordingto(2)thepressurejumpR
uppersideofthewing(theindicee+ and-refe~
side):

* .

metiium,and
betweenlowerand
toup~randlower

—

.

.

.r

.
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●aEquation(13) forthepressurejumpx Isessentially
IdenticalwithBernoulli’srelationbetweenpressureandVelc?cityj
thisrelationisrepresentedwithinthescopeofthelinearized
theoryforthecaseofunsteadyflowbytheequation

or,usingthenotationof .=31, 1)~

Ii
-FO=U(u+-..)+(g) -(g)

(d)

(9)

Thecalculationofthehorizontalcomponentu yieldsaccordingto(8)
atfirst

[

1- G(X,YW‘W *(x,Y;t)-——at 1
therefore,accordingto(P)inagreementwith(13)

Theexplicitcalculation

provesthereforetohea detourhere.

(Y)
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Thus!theeoltitionof’ourproblemistxacedbacktothesolution
oftheintegralequation(12)for’the’distributionfunctionf(x)
&om whichx canbecalculatedaccordingto(4),(6), and(13)t
SincesingularitieswhichoriginateIn diecontinuitiesof v (x)

tml Q(X,y) appearontherights.swellasontheleftsie
of(12),theeoluticaof(12)shallbeprecededinthefollowing
sectionbya discussionofthepropertiesofthe5-function. .

III.~ KETEODOFTEE8-FUNCTION

.—.-
13ythefunctionb(x)-alsowritten5(x@-we’lzndel?s%%nd

animproperfunction,which,withtheexceptionofthepointsx =O
becomesinfiniteinsuchawaythat

ip%
/

5(X)ax=1 (14)
1xl

-.-—
beco~esvalidiftheintervalxl. . .~ containsthepointx =O
aeaninnerpoint.Inordertoattacha strictermathermticalmeaning
tothearithmeticaloperationsmakinguseof 5, iti3neceesaryto
consider6(X) as limitOf 8 sequenceofcontinuousfunctions.We
assumethereforeatfirstcontinuouspositivefunctions9P(x)which—.
havea steepmakimurnatthepointx =O and =e alsosubjected
tothecondition .

r
Q*(X)ax=1 (14‘ )

\q ...—

Let ~(x) bea functionofa parameterp instzchawaythatVP(X)
everywhere, withtheexoeptionofthepointx =0,approacheszero
as p approachesa fixedlimitingvalue,forinstancep =0. The
“limitfunction”5(x)thuscharacterizedmaybedenotedas ‘&ong
function.”Allmathematicalexpressionscontainingthti!3-functione
ina symbolicwaymusttherefore,beconsideredaslimitfigprocesses
inwhichatfirst5(xJi8replacedbythesequdnceoffunctionsqp(x)
andfinally thelimitp40 istaken.
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...

After thiscommenttherere8ultsimmediatelythepropertyof
thea-functionwhichismostimportantforitsapplication,the
integralrelation.

f%

I 5(X-a)y(x)dx=F(a) (15)
@~

for xl< u<>, incaseF(x)atthepointx = a iscontinuous.

Inaddition,wewillconsiderthesequenceof the derivam
tivesq;(x) ofthefunctionQp(x)definedabove.Mecalltie
limltfunctioncharacterizedbythissequence5(L)(x);therefore,
wemayequatesymbolically:

Sincewemaytzanefcrmintegrals.whichcontaininthei.ntegrand
thecontinuousfunctionsv~(x)~ by tntegrationbypartsinto

(16)

inte$ralswhichcontainVP(X)instiadof ~~(x],therefollow

from(15)alm
f%

k&(u(x- a) F(x)dx=F’(a) (17)
1

~wherexl<a <~, forallfunctionsF(x)whichhavea continuous
derivativeatthepointx = a;useismadeofthefactthatthe
functionsv (x)disappearinthelimitp-+0 atthelimitsof
theinterval?

FinaUywementionthatthesequenceoffunctionspp(x)may

alsoberegardedasa sequenceofthederivativesoffunction
whichapp~oximatesthe

F#x)
“step function”

(18)



12 NACA~ 1238
— =— .- .r

symbolikly,

.,—
(=9)

!l%eapplicationof’themethodof the~-functiontothepresent
problemisbasedonthefactthattheelementarysolution@(x,y)
ofthewaveequation(5)1s,forsupersonicconditions,quit+generally
a discontinueusfunction
bue

-namelyzerooutsideoftheMachwedge,
Insideofitandalsoontheboundarywhenapproachedfrom

theinsidesothatthefirstandsecondderivatives@y(x,y)
and~yy(x,y) whichappearundertheintegralacc”wdingto(6)
and(12)leadtotheseparationofimproperfunctionpartsonthe
boundariesoftheMachwedge.Ontheotherhand,theperformance
oftheprescribedintegrationsaccordi~to(15)and(17] doesnot
presentanydifficultiesaslongaswemaysupp&ethedfstributton

F
functionf(x)anditsderivativef’(x)everywhereasgontinucn@.
Thisassuqtion’isWfilledfor the extentofthewingO< x< t
withexceptionofitsleadingandtrailingedgeaswellasinfront 4
ofandbehindthewing,thatis,forx <O and x > 2, wheref(x)=O.
Thepointsx =O andx = z areexceptions.Wewilltrytoevade
thisdifficultybyassumingatfirstthatf(x) is continuousalso
nearthepointsx =O andx = 2 andwillproceedonlysubseauentl~
tothelimitingcaseofa discontinuousdistribution.function.This
procedurealwaysleadstoa uniquelydeterminedresult.Themathe-
maticalmeaningisthatonehastoproceed$Vrsttothelimitp+ O
andonlysubsequentlytothelimitingcaseof a discontinuous
distributionfunctionordownwashdistributiononthewing(righteide
of(3.2))sincetheperformanceoftheintegrations(6) and(12)already
involvestheapplicationofthe8-:]ymbol.Sucha procedurethatregardo
thecompressionshockalo~theboundaryof theNkchwedgewhich
correspondstotheelementarysolution@[x.Y) asinfinitel.vshar~

—.

(linearizedtheoryt)incon~ast
sharplimitationofthewing,is
physicalpointofview.

IV.‘IHEITJYIEATA

INSUPERSONICFLOW

withthe’a~w~ys!i.ncgmpletely-reali~ed
probablyfully$.utifiedfromthe

GIVENAN(31XOFA!ITACK ,..-.J

(smy-~Ow -u)

Weillustratethemethodforcalculat~cmof the airfo~at
firstbytheeteadyflow-exampleoftheplateatrestatan r
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infinitesimal
known● g

angle f% We shallobtain~ainresultsa3ready

Inthisexamplethedownwashisconstantatbothsidesof
theplate, (we equa% Vfi .= - b), butzeroinProntofandbehind
theplatu.Obviously13-=~ (apartfrom
order)(Seefig.1.) Ifwenowformthe

forin(12),thisquantitywillbecomeat
respectively,-O and +=,butinsucha

quantitiesofa higher
derivativedvo.—, aaprovideddx
X=o and x = 2,
waythatthe function

forx<O
foro<x<l
forx>t

at x =O end x = 2 experiencesa discontinuityby ~b.According
to(19) we, therefore,maysubstitutefortherightsideof(3.2)-
takingintoconsiderationthatthesecondtermoftherightside
aieappearsinthesteady-flOwcaee (w=O or k =O,respectively)-

dvo= -ba(x-o)+M(X - 1) (20‘)

Ontheotherhand,letusconsidertheelementarysolutionf?(x,y)
appearingin(U)anditsderivatives.By a(x,y)weunderstand
inthesteady-flowcasea discontinuousfunctionwhichassumesinside
oftheMachwedge

II
Y 1
-.=tena, X>o; tanu=~,x m

(21)
-1

withtheapexx =y =O andathalftheopeningangleu a constant
value(thatis,a valueindependentof x,y andwitha certain
normalizationdependentonlyon M),butdisappearsoutsidethe
Machwedge.l”Itdoesnotmeana restrictionofuniversalvalidity

9Com re Ackeret,,Zs.f.Flugtechn.Motorluftsch.M. 16 (1925),
P .V f6~

‘Con&re L.R?andtljelsewhere. Equation(30).



for our problemifweequatethevalueof’thef’unotioninsidethe
Machwedge= 1. Mtrcxiuoingtiestepfunction(18)OIWIOWJ.Y
makes

( 8(X; CctCcy) forx>O
@(x,Y)= ; (22)

L o i?orx<O-.
,

withtheuppersignvalidfory >0, thelowersignvalidfory<0.
Ifwefurther take(19) and(16) intoconaideratioh,weobtain
forx >0 withtheabbreviationq =x $ GOtaY:—

—

.-
—
—

-.———

.-

.

Q (X,9) = co~2aQ’’(q)= cot2a5(1)(q}
YY

(23b)

.i —

Ifwenowa plytheintegralrelation(17)theintegralon the left
7sideof(12 becomes,ifweuseagainq = lylinsteadof y,

= cot2cLf’(x-cota q) (24)

Therewithweobtainfrom(12)withthehelpof(20’)inthe
limitq--+Othedifferentialequation

cot2af’(x)= -b8(X - O)+ b6(x - t) (25)

—.

5
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fromwhichweconcludethatf(x)
pointsx =O

\
~a x ~ z; im SO,

function

1>

mustbetiecontinuouaa%the
&partfroma constant,the

f(x)=as(x-0) - as(x-Z) (26)

is, accordingto(19], thesolutionof(25),if a isselected:

-ba=— z!-cota

Theconstant,whichisasyetundetermined,isobtainedfromthe<
factthatf(x)mustalwaysvanish@cado~theleadingedse(x=O)
andis,therefore.leftoutin(26). Ofco~gejwelikewise
put f(x)=O @hindthetrailingedge(x>2),a conditionwhich
isthenaUtOE@lCall,yfulfilledacoordingto(2?).However,there
isobviouslyonlyo~integrattonconstantatourdispositionfor
thetransitionfrom(25)to (26). Thereason:or th possibility
ofgivingthesolutionof(25)intheform(26;is,accordingto(20),
thatthedownwashPO performsenequalandoppositejumpat x =O
andx= Z sothat,behindthetrailingedgeV.=O. Therewith,
we only confirmthecorrectnessofouroriginalassumption.For
no~pla liftingsurfacesorfor’theproblemofunsteadyflowthe
abovestatementswill,ingeneral,benolongervalid;a vortex-uake
willthenad~ointhetrailingedge

Wecalculatetbehorizontalcomponentu oftheperturbation
velocity.wom (8’) ~a (4) oneobtainsforthesteady-flowcase

andturther, accordingto (6),

(27)

I-1x
(27a)

d-m
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ifwefixtheintegrationlimitsasin(12).If we~go
and (23Ei)anduseequatton(15) fOrthetransformation
weobtain, becauseof(26)and(2%),

/

to
u = +Cotu ~(x-~-cota~)f(~)~

-m

=Jcotd(x -cotaq)

NACATM1238

backto(22)’
+

oftheintegral,
&—

b= * -——” [S(x-cotaq)-8(X-2 -Gotq)cota 1
andinthelimitPO:

1
b-—.uo=*cota S(x“o)-O(M-2)

1
(28)

Ifweccmpare(28)with(20)forwhichwecanalsowrite

v=o L-b ‘e(X - o) - f3(x “ 1)
1

(20a)
—

.-
‘wefind

(Inallformulasthe uppersignalwaysreferstotheupperside,thp
loweronetothelower sideoftheliftingsurface.)

Me pressuredifferencex onbothsidesoftheliftingsurface
is nowimmediatelyobtainedfrom(13), (27), and(29). Therefollows
Withv.s -b:

(30)
..

w

.’.
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antifromthisequationthelift

A=7zl=2@JbNancL (30a)

InordertoobtaintheliftcoefficientCa wehaveh divide

by *L Ifwereplaceb bytheangleofattackp=%,
therefollowsfrom(30a)

Theresultforthedragcoefficientc .wil.lbe,sincethesuction
forceattheleaaingedgeIseliminateInsupersonicflow,

c = pca= 492 tan uw (31b)

Theformulas(31a) and(31b) are in agreementviththeresultsof
Ackeretwhoforthefirsttimecalcuktedtheairforcesontheplate
ata givenangleofattackinsupersonicflowin1925.

Asa conclusion to this treatmentwe-t to stress once more
thattheVdocityandpressurodistributionoftheplateata given
angleofattackweretracedbackessentiallytothe~iscntinitis
oftiedistributionfunctionf(x).Thisfactisexpree~edc~eareb
intieconnectionbetweentheformulas(26)d (28). l?husa diacon-
tinui~eurfaceoftheu-distributionaswellasthevwiistribution
spreadsfromtieleaa~edgeoftheliftingsurfacewhtchcoincides
withtheboundaryplanesoftheMachwedgeandcausesanexpansiorl’
waveintheupperregiony> 0 ~a a compressionwaveinthelower
re@n y <o (fig.2)* !!%eeffectofthisdiscontinuouschange
invelocityisinourexampleexactlycencelledbytheseconddiscon-
tinuitysurfacestartingfromthetrailingedgex = 2 (compression
wavefory>0, expansionwavefor y< O) sothattheflowbehind
thesecondhfachwedgewhichstartsatthetrailingedgeisagain
~di8twbed.Sinceobviouslythesphereofactionofa discontinuity
surfaceof f(x)insupersonicflowextmdsdownstreamonly,there
followsthattheproblemofpreseuredistributingonthewingin
generalisalreadyuniquelydeterminedyithutamv dditional“flow-off
condition”(requirementsfor finitenessfo~thev-%etiibution
inm.ediatilybehinathebailingedge).Thedisoonttitityof f(x)
atx=z involvesin~neraltheappearanceofvorticesatthe
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trailinged~ewhich,however,neednot
investigationoftheair forces onthe

V.BENDINGOSCILLATIONSOFA PLANE
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beascertainedforthe
wing. &

WINGATZEROAN(WXOFATTACK

~Tl!INGUPOFAN INTEGRO-DIFFEPJINTIALEQUATION

Thebendingoscillationsofa planewingat zero angleofattick
repreeentthesimplestproblemofunsteadyflow.Let y. bema
(infinitesimal)displacementofthemeancamberlinefromitszero
position(X-AXIS);wethensubstitute

(32)

Thenthedownwashinthesameintervalbecomes

~Yo
.=

W(X}t)=Vo(lc)e-tit=-—= -iaAe-iot“
at

and,therefore,

O ~
aE-= -id$(x

BY ... werefertothecontribution

—-.
-..

i

—

-O)+..i (33)

oftheseoonddiscontinuity
of v

?
atx= 1 which,however,doesnotexplicitlyent6rour

calcuationssincewecanbreakoffthewingatan arbitrarypoint
x= t withouthavingtochangetheresultsforx< t.

Ourmostimportantproblemnowisthetransformationofthe
integralontheleftsideofequation(X2)andthetransformation
ofthfsequationintoanintegro-differentialequationfor f of $ ‘“
theordinarytype.Theintegralequation(12)hasasin the problem
ofsteadyflowenessentiallydegeneratekernelsincetheelementary
solu$ion@ onthelimit oftheMachwedgel?eccmesdisqontlnuousby
itself;Itaderlv8tive6,thep~ore,aretoberepresentedbythe
i~roperfunctions8 and~~~~.Thereforewe
and@yy{x,y) eachintoa degeneratepartdue
ofthefunction @ attheboundaryoftheMach

separateQy(x,Y)
tothediscontinuity
wedgeandintoa
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regular partdueto,the
of the Machwedge. The
time-periodiccaseofe

19

analyticbehaviorof Q inthe,innerregion
elementarysolutioaQ(x,y]‘of(5) forthe
sonicpointsourcecanbetakenfroma

forms~investigation.2%Wenohllzethefunction~ insucha way
thatthejumpof ~ inpenetratingtheMachwedgehasexactlytho
amount1;theelementarysolutionthenreads:

(34)

o outsidetheL Machwedge

wh.wewefurtherintroduceforabbreviation

l%lslng
ofthe

where

h?~=ccat2a=-1 (35)

the discontinuityof
?

ontheboundar~plane~x-catalyl=o
Machwedge(fo~x> 0 intoconsidereticn,w obtain

@y(x,Y)=~~~ 5$ -6?) .’*+ Q;(W) (36a)’

(1) i-% +Q;Y(X,Y)QYY(X,Y)= e8 (x-~~q]e (3Gb)

Q *(x,y)characterizesthepartof5(x,Y)whichis,within
theMachwedge,continuous(andanalytic);oukideofthe&ch wedge
thederivativesdisappear.Withtheinssrtionof (36b) intotie
integralontheleftsideof(M),thefirstpartof (36t) yields
byintegrationbypart+

.—
lx

H.H&Q, elsewhere.Equation (40)’
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[

x
l#k(x”g) f(g %e 8(1)(x - ~-@q) e

NACATM1238

andthereforeInthelimitq-:

-imf(x)+ ~f’(x)

Theintegralequation(12) thereforeaesumes,
theform

P

onaocountof (33),

Therightt3iae
continuousat
8(X-O) me

+03 -

[[

.

1-IclA 15(x-o )-i; >
for XSSO

‘<

10 forx<O

d

- .- —

——
—

8

.

—

(37)

of (37) ehowethat f(x) In any mm mustbedis-
x =0,sothatf‘(x) containsanimproperfunction
constituentpartthatwithproperoholceofa

BIUltiplyingconstanttilloanceloutagainsttherightside,This
isnatural since the flmct30nf(x) for x < 0 that is, @M3adOf
the wing, must vanishtogetherwithitsderivativef‘(x) (sothat
(37) for X <0 is solVedby f(x)=0),andthereforewill,in
general, showunsteadybehavioratthefrontbounda~ofthewing,
asalreadyshownintheexampleof steadyflow(IV].Ifwe,therefore,
setup the equation

f(x) = as(x - 0) + fl(x) (38) -”
m

wherea representsa constantyettobedeterminedandthe

/
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-ctiOn fl(x)bf~ed for x~ o ha8toeatis~thec~dltion
thatitchangescmtinumslyinto

fl(o)=0 (38a)

(37)becomm:

-lMka - imqx) + +a(x -o) + f:(x)]

+a
r

[

Gw(x - g,o)dg+
J

O$y(x-g ,0)fJ@ g

o

[ -1
.-~ 8(X-O)”+- (39)

If we nowput

-i@a=— c

the ~-functionwillbecompletelyeliminatedfrom (39) andwe
shallobtainfor f (x) ~ U ~

o. 4~~-a eaustlonthe convolu
otherwise,regularchuaoter

ihlkqx) +ef((x) + f
xQ*(X -g,0) fl(g) dg

(40)

(41)

itssolutionisuniquelyiletezzninedbytieboundaxycondition(38a).

Thesolutionoftheintegro-dlfi’erentZtil equation (41)
requireda furtherdeterminationofitskernel.Ifwegobackto
(34) weObtainW differentiationfortheinnerregionofthe
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Machwe~e:

O;(x,o)=0

.-.
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—.

..—

wheretheequation

J;(z) = ‘JL(z)

wasmadeuseoft‘Ifweintroduoefurtherthedimensionlessvariable
(reducedlength)

.—

inetead of x,wecm also write:

O;y(%o)=: G(z) ;

Equation(41)thenassumestheform ,

Mz Jl(z)
G(z) =e —

z

(43)
— .-

.

(42a)

(44)

ThesymbolF~)ratherthanfl,wasselectedinthisequationinview .-
ofthereplacementby z of x, InthefollowingsectionU weare
go- tosolvetheintegro-differentialequatibn(hh)forthe
boundarycondition(3&) by meaneof a Laplace transformation;
theresultreads(forz =0):

m

L

—
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Withthis-thedistributionfunctionf(x) alsoisde~mlned.BY
writingr(z)s aH(z)insteadof f(z),weobtaintrm (38)

rf’t
f

a emzJo(z)-1; z eiMuJo(u)du7
~1- j

for z~O

F(z)z aH(z)=
1

& (46)

‘o
L

wherethevalue(40)hastobe substitutedfor a.

the
the
If,

and
of

for z< C)

,~adMtionweshallprovethatthepressuredistributionon
wingforthegeneralcaseofunsteadyflowalsoisdeteminedby
dis~ibutionfunotion“f(x)or F(z)respectively,-.
tothisend,wegobackto(4)and(6\,wehaveatfirst

Ilx

d-w

fmmthlsequationaccordi~to
@y(X,Y)intieIititIyl--0,

(36~), because
(compme(42))

01 the W9appearame

Bysubstituting(47)into(13)wetime
f(x)by F(z),forthepressurejump

(47)

ob%ain,againreplaclng
~ onthewi~

Yl %t= -2p.U@ F(z)e (48)

Thisformulaisvalidingeneral.Fromitwe“obtatiforthespecial
caseofbendingoscillations,accordingto (46) ad (4o),

(49)
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whichtheproblemofthecalculationofthepressuredistribution
thewing1s,forthisspecialcase,601v0a.

lhdiscussingtheequations(46),(47),and(49)onemustnot
overlookthefactthatthevariablez containsthequantityC,
whichdecreaseswithM41 tozero,accordingto%heequation

Axz=~. Therefore,thegraphsforthe F-,u-,andti-distrilmtion
asfunctionsofthechordx inthelimltingome M-+1shrinkmore
andrnoretowardx =0.

VT.SOLUTIONOFTHEIIW?GRO-DIF13RENTIALEQUATIONIN

THECASE0FANARBITRARYEOWASHDIS!Q?13UJ!ION

BYMEANSOFA LAFLACEWSFOBl@TION
—

Beforeweturntothegeneralproblemnamdinthetitlewe
shallfirstderivethesolutionforthespecialcaaeofthebending
oscillationsbymeansof a Laplacetransformation.Theformalism
ofthecalculationcanthenbetransferredwithout smydifficultyof
thegeneralcaseofanarbitrarytime-periodicdownvaehdistribution.

6)BendingOscillationsaeaSpecialCase

Ourproblemisthesolutionof theintegro-differential
equation(44)fortheboundarycondttionFL(0)=O by meansof
a Laplacetawlsfcmmation.

IfwedenotetheLaplacetransformationLSE@l bY –
$(s),L ~G(z)lby g(s),theequationwhichcorrespondsto(44)
Islinea# in Q(S)andbecomes,takingintoconsiderationthe
boundaryconditionFl(o)=Oaa

(x)

...—

‘It isnoteworthythatLs [F’(z)]= SV(S) ‘=FL(0)

mmpareG. Doetsch,Laplacetransformation(Jo SpriWW 2937),
p. 153.

--
.—

.-

.

9/

--

..

—..
—

..—-— -

.—

*

+
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Thokplace transfozmof J1(z)/za3 1s:

%[+] =f+-”’.z=,7--7--~

andtherefore,(compare(42~))

[

m

8(”) =
J)(z)eiMze-szdz_
z ~ +1 -(s - lM) (51)

Thesolutionof(50)fcr q(s)is,therefore,

‘(s)=a-
As iswelllsnown,theinverse
by

a’- i{s-iM)z+l-
=a

s d(s-im%i

transformationq(s)+l?l(z)iseiven

(52)

(53)

wheretheclosedpathofInteation traversed in the positive ~ense
encloses, in a uniquesheetTschlichten Blatt)ofthecomplex
s-:31asletthesingularitiesoftheintegrandlocatedin the finite
partoftheplane.Ifwefinallyintroducet = s -IM asanew
integraticmvariable,F1(z)becomes,accordingto(52)and(53)

(54)

laG. Doetsch,p.313and403.
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Oneobtainstheintegralofthefirsttermof the sumimmediately
fromtheintegralrepresentationfortheBesselfunction Jo :14-

theintegralofthesecondtermofthes&noan
immediately,accord-tcItherestduetheowm;
thethfrdtermofthemm oneobtainsimnedi,ately becauseo?

bee~aluated
fortheinte~al

(5!3)
. --

——

of’

++6jk-&i?7’]+%?+’”’’.;;,-
the equation

--+

IM etz

/

z9MU Jo(u) du+Ce. dt.
2%i (55b)(t+ m) @Til o

:.
—

whereC=o since theintegral for E.()
to the residue Weorem Hence(54)becomes
demnetr@ted.

mustvanishaccording
(45),ashadtobe

()b GeneralCaseoftheDownwashDietributiononthe

EamonicallyVibratingWing

Inthissection we,aesumeanarbitrarydownwashdistribution
of the form

(56)
.

L&CoursntandHillert,MethodendergmthematfschenPhysikI,
(verlagJ.Springer),p.390. A— -.
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with, however,thedistinctrequirementthatt&e(infinitesimal)
displacementy. ofthemeancamberlinefromitszeroposition
(x-axis)musteverywherebecontinuousandespeciallyfor x =
mustchangecontinuouslyintay.=O. For x < 0,weasmme
y.=O,andthereforeVo(x)=O. ItIseasytoallowfor
discontinuitiesof~ bYpassingtotheltmitofa sequencex
continuousfunctionsy. ,(comparecasec).

c1

of

Forthegeneralcase ofanarbitraxydownwashdistributionthe
rightsideoftheintegral equationneednotbefurtherspecified;
also,intlieequationscorrespondingto(37)exd(39),thesame
generalexpressionappearsontherightsideasin(12).Ifwe
againintroducethedimensimlessvariablez=% instead
anddenoteVo(x)8.sa functionof z by y(z),weobtain

dvo(X) k dy(z)—...~ho=~ ~, $7(Z)
dx

Theformofthciintegro-differentialequation
whichcorrespondsto(44)becomes,therefore,
of z (afteragaindividingbya factork)

-iMF(z)+F’(z)+
f
zG(Z‘t)F(g)

@

withtheabbreviation

dy(z)r(z)=—- -dz i;y(z]

Equation(57)hastobosolvedsub~ecttithe
F(0)=O,ascanbeinferredfromtheassumed
at x=O;for 2<0, F(z)=0.

of x

~ =+r(z) (!57)

IfweapplytheLaplacetrsnsformatimto (57) anddenote
theLaplacetransformof F(z)by ~(s),weobtain

~ “iM+g(sj*(S)=+La [r(z)]

(574

boundarycondition
continuityof y.
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v

Ifwpoarryout theinversetransfornntion~(s)--+F(z),weobtain,
taking(51)intoconsideration,accordi%todefinition .“

{

., ,- ,:..-~

F(z)=~Lz-l —. 1
~~iiil ‘s[’(’)1]

(58)

Ifwenowconsiderthat,accordingto(53)and(55)
— —

1--- -1

andfurthermore,thattheresultof

—.

61MZ= Jo(z) s K(z) (59)
—
—

theinversetransformationofthe
productof two?unctions(ins)istheconvolutionoftheinversely
transformedfactors(h z),thereimmediatelyfollowsfrom(58)
and(59) .

‘ze~(z-~JO(Z-()r(~)‘~F(z)=;
I (~) . .—
ljo

whiohrepresents the solution of equation(57).Bylneerti~(60)
into(48}onethenobtainsforthepressureJumponthewing
(forz~0) -. .—

withthemeaningof’K(z)explainedby(59)

(61)

we
bending
results
nearz

()c TransformationoftheResults(60)and(61)

atfirstconfirmthatthespecialformulas(16)and(49)for
oscillationsasa limitingcasearecontainedinourgeneral
(@)and(61). Wehavetomakeallowancefor Y(Z)jumping
=O practicallydiscontinuouslyfrcunO totheconstant

finalvalue
dy{$)

ac=-1A sothatin(60)theterm--— in r(~),
d~

equation(57a),makesa contributicmonlyatthepoint~=O andthere

---—
—
—

a

.—
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can berepresentedby

Thusweobtainaocordingto (1~)

F(z) thereforebecomes,accordingto (57a)and(60)sinagreement
With(46)

case also can beWacedInordertoreco~izethatthegeneral
backtothetypeof bendingoscillationswe
bypartson(&l),introducingtempo~arilythef~ction

gerfomnan

K(z)=
1

% em JO(U)du (fOrZ~ O)

Thuswe gind

integration

: (62)

Theparttobeevaluatidbetweentiellmitsvanished,sinceY(O)=O
- X(O)=0. Therefore,(60)maybetransformedaccordingto (57a):
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andfrom (46) ma (@):

(63)

OnlytheinfluencefunctionH(z),whichischaracteristicforthe
bendingoscillaticms,appearsin(63) besidesd7/dg.Thusthe
pressuredistributionappearsccmposedoftheintegratedeffect
of’infinitesimal steps,the-Itude ofwhichisproportionalto
thederivativedyjai.

.

—

Forpractical needs It will, in
1%

neral, be moreuseful to
eliminate the derivative dy/d~in( )byintegrationbyparts
andtotracethepressuredistributionbacktoanintegralwitirespect
to y(~).Wefind

SillCe7(0)=O andK(0)=1. If
obtainf%m (59)end(60)afteran

—.

>2
.

+,

/

K’(-~)?(~)d~

o d

wetakethoderivativeof $ we
ea6ytransformationfor z= O _ .. .

Inthisformulathereappearsnothingbutthedmnwash distribution
~(z)anda characteristicinfluencefunction.“

me finalformulas(6o)to(64)areincompleteagreementwith
theresultsofhlr.L.Schwarzls,asoneoaneasilyconfixmafteran
adequatechangeofthesynibols.Therefore,furtherdetailedstatements
withrespecttotheapplicationof our formulastothecalculationof
theairforcesforvibratingMftingsurfaoesareomittedsincetheso
calculations wouldbe essentiallyidenticalwiththosebySchwarz.

Translated byMaryL.Mahler
.-

NationalAdvisoryCommittee .
forAeronautics

..
asL.Sohwarz,elsewhere.

b
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Figure2.-Pressure distributiononaplateinsupersonicflow.(POnormal
pressure,w pressure,drop.)1
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